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renaming invariance

Euclidean geometry analytic geometry graph theory
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general relativity condensed matter physics quantum gravity
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A set of events

x=0 x=1 x=2 x=3 x=4
A manifold of events
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renaming invariance in quantum geometry
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the geometries of an unlabelled quantum polyhedron
different than those of a labelled quantum polyhedron
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* Intro to quantum geometry
 quantum equiarea tetrahedron
* the QG exclusion principle
 volume and chirality
 volume spectrum via Bohr Sommerfeld quantisation

* generalisation to quantum polyhedra




quantum geometry




quantum polyhedra

Minkowski's theorem

| o . S as
o a set of vectors A _ such that ZA , =0 ’*
a

[3] Minkowski, H. (1897). Allgemeine Lehrsatze Uber die konvexen Polyeder. In: Ausgewahlte Arbeiten zur Zahlentheorie und zur Geometrie. Teubner-Archiv zur Mathematik, vol 12. Springer, Vienna.
[4] Bianchi, Dona, Speziale (2011). Polyhedra in loop quantum gravity. Phys. Rev. D 83, 044035. DOI: 10.1103/PhysRevD.83.044035
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phase space of polygons

quantum polyhedra

fix a list of areas A

I = . - — — —_ —_ — —— —— — — -

/ _ — e — S— — . e = —-*a\\

 the space of vectors A , = A 7, admits a symplectic structure |

l
| |

{Ac(li)’ A;ij)} = 5ab€ijkAc(zk) %

—_— = — —— = m—

(N particles on a sphere)

so does the subspace satisfying the constraint Z A , =0 \;\\‘774
: 5.
—> Kapovich-Millson phase space of polygons W

[4] Bianchi, Dona, Speziale (2011). Polyhedra in loop quantum gravity. Phys. Rev. D 83, 044035. DOI: 10.1103/PhysRevD.83.044035
[5] Kapovich and Millson (1996). The symplectic geometry of polygons in Euclidean space. J. Differential Geom. 44(3): 479-513 DOI: 10.4310/jdg/1214459218
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canonical quantisation of the KM phase space

quantum polyhedra

classical phase space:

—\N . R i |
(Aa) _1 ‘Aal :Aa ZAazo {ACS)’AIEJ)} =5ab€l]kAc(lk)
canonical quantisation:
N -
gpkin _ ® 700 AU+ 1D =4, Z J =0 TO, TP = i6 e, 0
a=1 a

I intertwiner space
N —C— ===s from LQG

[4] Bianchi, Dona, Speziale (2011). Polyhedra in loop quantum gravity. Phys. Rev. D 83, 044035. DOI: 10.1103/PhysRevD.83.044035
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quantum polyhedra

quantum polyhedron?

- list of vectors

polyhedron set of vectors poligon labelled quantum polyhedron

| op0) s
@ )% ﬁ W s InVSU(Z) ® " i!

quantum polyhedron

I l‘
v tensor product

~ —
remove labels by imposing | Al ind label
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quantum equiarea tetrahedron




labelled equiarea tetrahedron

equiarea tetrahedron

kinematical Hilbert space SU(2) action
= DVQH QI QK U(g) = D'(g) ® D'(g) @ D/(g) @ D/(g)
SU(2) invariant subspace constralnt projector
7® = Invgy) " ={\W>E7fkm J\l/f>=0} Zf = P(O>=J dg U(g)
a=1 SU(2)

4
dim #Z = tr P© = J dgtrU(g) = | dg HtrDja(g) =27+ 1
SU(2) SUQ2) 4=1



equiarea tetrahedron

permutation group

kinematical Hilbert space action of the permutation group

HN =g DRQAIHVQHQHV lw) = lw) lwa) lys) lwy)
U,|ly) = | %(1)) | %(2)) | %(3)) | %(4))




quantum equiarea tetrahedron

equiarea tetrahedron

kinematical Hilbert space action of SU(2) and S,
win — 70 @ #9 @ 9 @ HD U(g) = D'(g) ® D'(g) ® D'(g) ® D'(g)
U,ly) = | %(1)) | %(2)) | %(3)) | %(4))

N

| [U(®).U,1=0 |

e — ) -

physical Hilbert space | projectors
cES, SU(2)
|
dim 7P = tr pPYmPO) = o ) J dgtr U,U(g)

6684 SU(Z)



dimension computation

equiarea tetrahedron

dim 7P = dgtr U U(g)

4! J SU(2)

cES,
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\ UG J
o000

U,U(g) =




dimension computation

T
r U,U(g) = (E /U/ii J

equiarea tetrahedron

AN




dimension computation

equiarea tetrahedron




dimension computation

equiarea tetrahedron

dim F#PYs = J dgtr U U(g)
S

cES,

tr U(lz)U(g) = @ O O O = tr D/(g?) (trDJ'(g))z
AN

[6] Coecke, Kissinger (2017) Picturing Quantum Processes: A First Course in Quantum Theory and Diagrammatic Reasoning. Cambridge University Press. DOI: 10.1017/9781316219317
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dimension computation

equiarea tetrahedron

dim FZPYs = dg tr U,U(g)

4! J SU(2)

cES,

tr U(lz)U(g) = @ O O O = tr D/(g?) (trDJ'(g))z
AN




dimension computation

equiarea tetrahedron

dim FZPYs = dg tr U,U(g)

4! '[ SU(2)

cES,

tr U(12)U(8) = @ O Q Q = tr D’(g?) (trDj(g))z
tr U(34)U(g) = [ B = O O O = tr D/(g?) (trDj(g))z




dimension computation

equiarea tetrahedron

1
dim 7P = m J dgtr U U(g)
- S

oes, 9 SUQ)

tr U5, U(g) = @ O Q Q = tr D/(g?) (trDj(g))z
T [ B -O O Q - e b

depends only on cycle structure of o : one 2-cycle , two 1-cycles




dimension computation

equiarea tetrahedron

dim F#PYs = J dgtr U U(g)
S

cES,

tr U(123)U(g) — [ j — C} O = trDj(g3) ter(g)
tr U(12)(34)U(8)= ® _ O O _ [trDj(gz)lz




dimension of the physical Hilbert space

equiarea tetrahedron

can be computed explicitly!

1 1
dim #PYs = — J dgtrU U(g) = —
4! SUQ) 41

0684

trace depends only on the cycle structure of ¢

sum over elements becomes sum over equivalence classes (ie cycle structures)

k each contributing a factor of tr D’ (gg

in each class 4, there are (k) ‘ |



dimension of the physical Hilbert space

equiarea tetrahedron

- S - in  2j—1+4+3Mod,(2j — 1) + 2Mod;(2j — 1 1
dim ZP"S[ ] = dim Invgyp)ys, g _ (4 — 1) s(J— 1) ~—]

6 3

dim Z[j] = dim Invgyn) #£ Ko =i+ 1

o dim ZV[;]
: 83% of the states of the guantum tetrahedron
excluded by permutation invariance

dim ¢ ° o o000 o [T T — — et —*‘3\

.dim IS ] | the quantum geometry exclusion principle |
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the quantum geometry exclusion principle |
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imposing renaming invariance reduces the number of states of the quantum polyhedron

a quantum polyhedron with unlabelled faces has fewer configurations than a polyhedron with labelled faces



quantum equiarea tetrahedron

volume and chirality




volume

volume operator

volume operator v \/5 \/ A
for equiarea tetrahedron — 3 | 1 ( o X 3)‘

since 5/6 of states in 7'V are lost when imposing permutation invariance,
the spectrum has to be modified

permutation invariant on 7" U; VU, =YV = eigenspaces carry a representation of S,

7 = @@

Vv

[8] Bianchi and Haggard (2012) Bohr-Sommerfeld quantization of space Phys. Rev. D 86, 124010 DOI: 10.1103/PhysRevD.86.124010
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volume

signed volume operator

7 = @@

v "'volume + chirality"

2 5 5 o
signed ngjl'(szh)

i _ 2
volume operator eigenstates (| +vy) =+ v| )
V=4/10]

VI£v)y=v|xv)

alternating
representation

UQU, =sign(c)Q = U, |£v) x| =xsign(c)v)

volume eigenspaces carry nontrivial 2d reps of S,

[8] Bianchi and Haggard (2012) Bohr-Sommerfeld quantization of space Phys. Rev. D 86, 124010 DOI: 10.1103/PhysRevD.86.124010
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signed volume operator

volume

7(0) — @ 7O y=0 = dim#Z =1 invariant subspace
} y>0 = dim#ZY =2 2d representation

when v > () two options:
¢.(0) € {Oa?a_ ?}

2d irrep of S, — v excluded U | +v) = e | + sign(c)v)
1111
7 (0) ~ %E DX reducible — v allowed U_| £v) = | £ sign(o)v)
M
|| PSSy = | +v) + | —v) ¢




volume

volume and chirality

J/“ ———————ea——— _ S — \
| permutation invariant states have indefinite chirality i

chirality relies on an ordering of the faces

or an orientation of the ambient space (but no ambient space in quantum geometry)

or a reference system for chirality (but we are studying an isolated tetrahedron)




quantum equiarea tetrahedron

volume spectrum




phase space of equiarea tetrahedron

volume

canonical variables {q, p} =]

q= ¢ € [—n, 7]

1 .
P = COS (56’12) Pmax S [OapmaXL Pmax = (2] T 1)

9) 2
V=—_[|sing] P 1 — ];
3\ prnax pmax

[8] Bianchi and Haggard (2012) Bohr-Sommerfeld quantization of space Phys. Rev. D 86, 124010 DOI: 10.1103/PhysRevD.86.124010
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phase space of equiarea tetrahedron




volume

phase space of equiarea tetrahedron




volume

phase space of equiarea tetrahedron

q = ¢y,

1
= cos | —6
P ( N 12) pmax

constant volume V lines

D =

p max

action of S, maps

red regions to red regions
and to

identify points Iin the same
orbit

- chirality 0 + chirality
Q <0 Q > () the volume

— resulting space has 1/6



volume

Bohr-Sommerfeld quantisation

semiclassical approximation

Pmax eigenvalues v, of V satisfy the

Bohr-Sommerfeld condition

1
J dp/\dq=27r(n+—)
V<vy, 2

- chirality 0 + chirality
0<0 0>0






volume

Bohr-Sommerfeld quantisation

Bohr-Sommerfeld condition

1
J dp/\dq=27r(n+—)
V<vy, 2

after symplectic reduction,
only area in the fundamental

region counts




Bohr-Sommerfeld quantisation

P

volume

p max

Bohr-Sommerfeld condition

1
J dp Adg =2r n+5

V<vy,

after symplectic reduction,
only area in the fundamental
region counts

1/6 the area,
T 9 1/6 the eigenvalues

- chirality 0 + chirality
0<0 0>0



volume

Bohr-Sommerfeld quantisation
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volume

Bohr-Sommerfeld quantisation
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Bohr-Sommerfeld quantisation

volume
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quantum polyhedra




labelled quantum polyhedron

quantum polyhedron

kinematical Hilbert space SU(2) action
N arbitrary number of N
gpkin _ ® () faces and areas U(g) = ® Da(g)
a=1 a=1
physical Hilbert space constraint projector
N
' — — 0
%(O) — InVSU(Z) %kln J 2 Ja 0 P( ) — J dg U(g)
a=1 SU(2)

dim Y = tr PO

N
[ dg [ [ Dig)
S

U2) a=1



quantum polyhedron

permutation group

kinematical Hilbert space action of the permutation group

N
%kln — ® %(]a) »f( o _J" o . U ® ‘ Wa> — ® ‘ Wa(a)>
a=1 ;

4 )
U (123) = —
\_ Y, Jo 13 N Ja
|11 i s | W \i s i NAZA A%




quantum polyhedron

quantum polyhedron

kinematical Hilbert space

. N . M is the multiset of spin labels
%km _ %( J.) ..

— Perm(M) is the set of distinct
feperm( M) \ a=1 permutations of its entries

M={1,1,1,2} PermM) = {(1,1,1,2),(1,1,2,1),(1,2,1,1),(2,1,1,1)}

gpkin _ (%(1) QXY RF7V R %(2)> D (%(1) QY RIH?P R %(1))
Y CARK- W AN FACK: ¥ AON NP ARE- FACK- ¥ AOK- ¥ 40)



quantum polyhedron

quantum polyhedron

kinematical Hilbert space physical Hilbert space

N
%kin [ M] — @ (® %(]a)> %phys [ M] — IHVSU(z)st %km [ M]

fEPerm(M ) \ a=1

I
dim ZPM5[M] = tr POPHY™ = —J dg ) trUU(g)
N!
SU(2) cESy

(, e ——— e R __ — e 3
|

» P M //tM(J) .“
' dim 2P = A erm( ) J dg H 2 CAH [tr DI(gh) 0 l

}




arbitrary faces, fixed area

quantum polyhedron

kinematical Hilbert space

Kin Kin M ; is the set of multisets Z — 7
H /] = @ H | M ] of spin labels such that: Ja

MeJ,

da

1 1T 111111
{191?191}9 R R R R R R Y 4% {291919191} c %4
2 222 2 2 22



arbitrary faces, fixed area

quantum polyhedron

kinematical Hilbert space

Kin L M ; is the set of multisets Z — 7
H /] = @ H | M ] of spin labels such that: Ja

MeJ,

da

dim #ZV[J] = Z dim Invgy ) Z Knpaf]
Me

dim ZP™[J] = ) dimInvgypys , 2 M]
MeJ,



arbitrary faces, fixed area

quantum polyhedron

o dim ZV[J] "
106 | - %phyS[J] . ' semiclassical limit
| i | (J > 1)
dim: | affected



quantum polyhedron

distinct faces

kinematical Hilbert space

N

gpkin _ @ ® )

jePerm(M) \ a=I

Perm(M ()
aim 70 = PO g [T Blees, [ iy
g . SU2) jE—'M/II—,uM(]) k=1
1

o

1



quantum polyhedron

distinct faces

kinematical Hilbert space

gpkin _ @ é o)

jePerm(M) \ a=I \— =1

N
dlm InVSU(Z)XSN %kln — J dg H tr D]a(g) — dlm InVSU(Z) %kin
SUR2) 4=1

T’ T == I — . L jn
| same dimension as the labelled polyhedron! 4

|




quantum polyhedron

physical labels

Indistinguishable particles in bounding potentials

same energy level different energy levels
0= |et)|er) [ eT) [ €7)
lw) = |eT)|el) [eT) [E])
lw) = |el)|eT) [el)|ET)
)

0= lel)|el) [el) €l

ﬂ' B o me—————_— “’;:“‘
| "the spin of the electron at energy ¢"
i is a permutation invariant observable |




quantum polyhedron

distinct faces

kinematical Hilbert space

b

b 1
) ’
‘ [ ([ ] i

gpkin _ @ ® ()

jePerm(M) \ a=I \m— =1

N
dim Invgyp)xs, & KIn- — J dg H tr D/a(g) = dim Invgyy g
SUQR2) 4=1

(& —= e = == e —

| the face with area jn physical labels allow for
) a "" -
’ is a permutation invariant label { more geometries
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renaming invariance in LQG

LOG _ r I
70— A
r

7" =P Qn=1"7][j]
i

definition relies on labelling
of the nodes and edges!



renaming invariance in LQG
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QG exclusion principle in LQG?



quantum polyhedron

observables

kinematical Hilbert space

akn — ) Q IV Q IV Q IV

labelled tetrahedron

unlabelled tetrahedron

phys __ Kin
AP = Invgyoxs, £




observables are globalocal

quantum polyhedron

kinematical Hilbert space

akn — ) Q IV Q IV Q IV

labelled tetrahedron

unlabelled tetrahedron

phys __ kin
AP = Invgyoxs, £

Eugenio Marios
Bianchi Christodoulou



P M Mar(J) .
dim 7] = L) [ dg [ 20 ¢ ] uroighr®
# N SUR) jeM itu,(j) k=1

summary

pOIVhed ra vs polygons ' et e ;

removing unphysical labels = relabelling (permutation) invariance

physical effect on quantum geometries: QG exclusion principle

different scaling of the dimension

permutation-symmetric polyhedra have no definite chirality

physical labels allow for more geometries dim

)= 1) + |
D

o dim ZV[;]

e
/ |
\\

dim FZPMS[ ]




